The power allocation problem in orthogonal frequency division multiplexing-based cognitive radio (CR) networks with cooperative relays has been investigated here, where both the interference to primary users (PUs) and the power budget of the CR network are considered. The authors try to maximise the overall throughput of the CR network within the given constraints. The coupling variables in the formulated problem make it hard to solve, so an iterative optimisation scheme to find out the optimal solution with a controllable complexity is developed. First, the original problem is decomposed into two subproblems that can be solved independently. A fast barrier method has been employed to work out the optimal solution to one of the subproblems with a complexity of O(L 2 N), where L and N are the number of PUs and subcarriers, respectively. Then, an iterative procedure is developed to solve the other subproblem. Numerical results show that the proposed method can significantly increase the throughput of the CR system, comparing with other representative ones. Furthermore, the proposed algorithm gives a general power optimisation framework for CR networks with cooperative relays.
Introduction
Radio spectrum is a scarce resource and becomes a bottleneck to develop new wireless applications in recent years. On the other hand, it has been shown that most of the licensed spectrum is underutilised and stays idle at any given time and location [1] . Cognitive radio (CR) [2, 3] is a promising technology to improve spectrum efficiency by exploiting the spectrum portions unoccupied by licensed holders, also known as primary users (PUs). A CR user, also referred to as secondary user (SU), can access to a CR network opportunistically as long as the interference introduced to PUs is kept below a prescribed threshold [4] .
Orthogonal frequency division multiplexing (OFDM), which offers a high flexibility in radio resource allocation (RA), has been widely recognised as a potential air interface for CR systems [5] . However, in an OFDM-based CR system, even with near-perfect spectrum sensing, SUs can produce significant interference to the PUs operating in the adjacent bands and vice versa, especially when the PUs do not adopt OFDM modulation. Consequently, dynamic RA is very important as the SUs have to adjust its parameters frequently to adapt to the changes of spectrum environment and try to void corrupting the normal activity of the PUs. As an attractive issue, RA in OFDM-based CR systems has been intensively studied [6] [7] [8] [9] .
One of the most challenging problems in CR networks is how to satisfy the quality-of-service (QoS) requirements of the SUs efficiently while keeping the interference to the PUs below their tolerable thresholds. However, in some cases, a reliable transmission between a certain pair of CR nodes with direct link requires too much power because of poor channel condition caused by deep fading in wireless environment, which cuts down the lifetime of the battery of the nodes and leads to heavy interference to the PUs [10] . Furthermore, even if a CR network running in a centralised manner could perform an efficient dynamic spectrum management to meet the rate requirements of the SUs, the arising high computation burden makes it difficult to apply [11] . So, conventional transmission strategy may not be suitable for CR systems. Cooperative relay is a powerful scheme to combat the effects of fading by exploiting the spatial diversity over dispersed nodes [12, 13] , which is also a promising method to overcome the mentioned difficulties in CR networks [14] . In a CR network, cooperative relay can not only beat multipath fading, but also reduce the required transmission power of each CR node. Therefore, it can also mitigate the interference introduced to the PUs. The key issue is how to allocate power properly so that the throughput of the CR system can be maximised while keeping the interference to the PUs under the desired level, which is the topic of this work.
RA for CR networks with cooperative relay has attracted much attention and been studied in various perspectives [15] [16] [17] [18] [19] [20] . In [15] , a centralised heuristic algorithm is proposed to address the RA problem, as well as a new medium access control protocol implemented in a universal software radio peripheral-based test bed. A certain protection range for each PU is required to avoid excessive interference from the SUs. However, it is difficult to decide an accurate range in practical wireless environment because of fast-changing fading. Furthermore, it potentially decreases the spectrum efficiency. In [16] , the author investigates the multi-relay cognitive transmission. A selective fusion spectrum sensing and the best relay data transmission scheme is proposed. However, the interference generated by the SUs which can deteriorate the performance of the PUs is not mentioned. A three-node CR network is developed in [17] , where relay channels are divided into three categories, followed by RA approaches. However, the interference to the licensed system is ignored in the considered system model. Both power limitation and interference constraint are taken into consideration in [18] , where only peak or average interference power limitations are investigated for a CR network with relays. In [19] , the interference caused by each subchannel in the CR system is considered. However, it is difficult to measure the required parameters in practical wireless systems. The capacity of a CR system employing relays is studied in [21] , where the sum capacity is maximised while the total transmission power is kept within a budget and the interference introduced to the PU is kept within a prescribed threshold. The optimisation problem is a mixed-integer problem which is non-polynomial (NP)-hard, and three suboptimal schemesare proposed to address the formulated problem. In [22] , an alternating optimisation method is proposed to solve an optimisation task, which tries to maximise the system capacity. In [23] , a general case is considered where the relay can change the subcarrier index of a two-hop system.
In this paper, we investigate the power allocation problem in a CR network with cooperative relays. We aim to maximise the end-to-end capacity of the CR system while satisfying all necessary requirements or constraints, such as the power budgets of the CR nodes and interference limitations of the licensed system. The main contributions of this work are outlined as follows:
1. New problem formulation: A more general power optimisation model is established for the relay-assisted CR networks with amplify-and-forward (AF) protocol. In our proposed system model, interference constraint is fully considered, in order to protect the performance of the PUs from deteriorating. The model can also be extended to other relay modes, such as decode-and-forward (DF), with few modifications. 2. Alternating optimisation framework: We solve the formulated problem by using an alternative optimisation method, that is, to perform power allocation at the CR source and relay iteratively, which provides a general framework to tackle the power allocation problem in cooperative relay-based CR networks. 3. Fast barrier method with low complexity: By exploiting the structure of the considered problem, we develop a fast barrier method for the optimal power allocation at the CR source and the relay with a low complexity.
The remainder of this paper is organised as follows: In Section 2, the system model and optimisation problem are described. In Section 3, we propose our power allocation scheme in detail. Simulation results are given in Section 4. Conclusion is drawn in Section 5.
2 System model and problem formulation 2.1 System model Consider a three-node OFDM-based relay-enhanced CR network coexisting with a primary system which consists of L PUs as shown in Fig. 1 . The CR system adopts OFDM modulation and the primary system is unnecessary to use OFDM. The primary system is a bidirectional cellular network with dynamic channel allocation and mobile receivers. A CR source (S) transmits data to a CR destination (D) with the help of a CR relay (R). The relay operates in a time-division half-duplex mode using the AF protocol which can be implemented with low cost [24] . The transmission from the source to the destination is on a time-frame basis and each frame consists of two time slots with the same length. In the first time slot, the source transmits signals on all subcarriers while the relay and the destination nodes listen. In the second time slot, the source remains silent while the relay amplifies the received signals and forwards them to the destination. The signals transmitted over a subchannel in the source node are amplified and forwarded by the relay nodes over the subcarriers with the same indices in the second time slot.
Throughout this paper, we assume that the perfect knowledge of the channel state information (CSI) from the CR source network (SN) to relay network (RN) is available, as well as the perfect knowledge of the CSI between the CR RN and destination network (DN). Besides, the perfect CSI between the CR system and primary system is also supposed to be known. The former can be approximated by assuming channel reciprocity, while the latter can be estimated by listening to a beacon signal and then fed-back to the CR system. We note that our proposed solution is theoretical and the results obtained by our proposed algorithm will serve as an upper bound of the achievable capacity with channel estimation errors.
The available spectrum is equally divided into N OFDM subcarriers and the bandwidth of each subcarrier is B. The occupied spectrum bandwidth of PU l is B l . The interference imposed on subcarrier n used by the SUs with unit transmission power can be expressed as
(1) Fig. 1 Coexistence of a relay-enhanced cognitive network with a primary network
www.ietdl.org
Similarly, the interference introduced to the PU l by the CR relay with unit transmission power on subcarrier n is
where g SP l,n and g RP l,n are the channel gain of subchannel n from the CR source and relay's transmitters to the receiver of the PU l, respectively. d n,l is the central spectral distance between the bands of subcarrier n and PU l. f( f ) is the power spectrum density of the OFDM signal, f( f ) = T s (sinπfT s /πfT s ) 2 , where T s is the OFDM symbol duration. The channel gains of subcarrier n between the CR source and relay are denoted as h SR,n and h RD,n , respectively. s 2 R and s 2 D are assumed to be the variance of additive white Gaussian noise (AWGN) at the CR relay and destination, respectively. Moreover, we denote the interference caused by PU l to the CR relay and destination on the subcarrier n as I PR,n and I PD,n respectively, which can be measured by the CR network. The CR source sends data to the relay with power p S,n on subcarrier n in the first hop, and the relay amplifies the received signals with power
on subchannel n in the second hop, where α n is the amplification factor on subchannel n. Thus, we can rewrite the α n into
Throughout this paper, we assume the destination receives the signals without diversity; that is, at the end of each transmission frame, the destination processes the signals without combination. Consequently, the received signal-to-noise ratio (SNR) on subchannel n at the CR destination is [25] 
where
The transmission rate from source to destination on subchannel n can be calculated as
The factor 1/2 accounts for the two time slots in each transmission frame. Note that R n in (5) is not jointly convex with p S,n and p R,n and the optimal solution of the resulting optimisation problem is difficult to obtain from the viewpoint of mathematical programming. To make the problem tractable, we adopt the following approximation
where Γ n is approximated by the harmonic mean of p S,n and p R,n . Such an approximation is reasonable as discussed in [26] .
Problem formulation
Our objective is to maximise the total end-to-end transmission throughput of the CR system, that is, N n=1 R n , while keeping the following constraints satisfied Source power constraint:
where P S and P R are the maximum transmission powers for source and relay, respectively.
The interference happens as the primary system coexists with the CR system, and should be kept below a predefined threshold. So, the transmission power from the source to the relay in the first hop and from the relay to the destination must satisfy the following constraints
In the first hop:
In the second hop: (8) where I T ,l is the interference threshold of the PU l, l = 1, 2, …, L. Then the optimisation problem can be formulated as follows
3 Our proposed algorithm
Note that the objective function of (9) is concave and there are coupling variables, p S,n and p R,n . We can divide it into two www.ietdl.org equivalently subproblems with a primary decomposition method [27] SP1: max
and SP2: max p R,n 1 2 log 1 + p S,n g SR,n p R,n g RD,n p S,n g SR,n + p R,n g RD,n s.t.C 1 :
In the first subproblem, SP1, we focus on finding the optimal values of p S,n , which is a function of p R,n , termed as the primal function of p R,n [27] . Whereas in the second subproblem, SP2, the optimal value of p R,n is to be achieved.
Fast barrier method for power allocation
In this subsection, we try to find the optimal solution of the subproblems mentioned above. We start from SP1. It is easy to prove that SP1 defines a convex optimisation problem with N variables and N + L + 1 constraints. Generally, the optimal solution to the problem can be obtained with barrier method [28] , which is a standard convex optimisation technique and typically has a complexity of O(N 3 ). However, by exploiting the structure of the problem, we can reduce the complexity to O(L 2 N). Let us denote a vector p ∈ R N and p = (p S,1 , p S,2 , . . . , p S,N ) T . We can write the barrier function as [28] 
The optimal solution to (10) can be approximated by solving a sequence of unconstrained minimisation problems which have the following form
The barrier parameter t is positive and decides the accuracy of the approximation. The solution to (13) is denoted as p w (t), which is also referred as a central point. As t increases, p w (t) becomes a more accurate approximation to the optimal solution of SP1. The details of barrier method are given in Fig. 2 .
Note that when we solve the unconstrained minimisation problem in (13) for each given value of t during the procedure of barrier method, Newton method is employed to compute the central point p w (t). The computational load of Newton method mainly lies on the computation of Newton step Δp at p, that is, we have to solve the equation
where ∇ 2 c t ( p) is the Hessian and ∇c t ( p) is the gradient of c t ( p), respectively. Generally, obtaining Δp by using matrix inversion to solve (14) The gradient of c t ( p) is given by
where M S = p S,n g SR,n , M R = p R,n g RD,n , P S = The Hessian of c t ( p) is given by
, ∀n g l s are vectors of length N.
We have the following theorems. Proof: H is diagonal and λ n > 0, so H is positive-definite. Since for any i, we have g i g T i . 0, then H i is positive-definite. It follows that the Hessian is invertible. Since the Hessian can be treated as the sum of a diagonal matrix and L + 1 number of rank-one matrices, we can exploit this special structure to calculate the Newton step Δp with much lower complexity. The proof is placed in Appendix 1. Recall that L is the number of active PUs; and generally, L ≪ N in CR systems, so the complexity of our proposed algorithm is almost linearly related to N.
Alternating optimisation framework
Recall that we have to solve optimisation problem (9) jointly over two variables, that is, p S,n and p R,n . An alternating optimisation scheme can be applied to solve this problem due to its effectiveness and simplicity [29] .
Denote p S = (p S,1 , . . . , p S,N ) and p R = (p R,1 , . . . , p R,N ). We can rewrite the objective function in (9) as follows
Generally, maximising over both sets of variables simultaneously is not straightforward. However, minimising with respect to one variable while keeping the other one fixed is often easy and is sometimes possible analytically. In such a situation, the alternating optimisation algorithm described in Fig. 3 is well suited: start with an arbitrary feasible point p 0 R ; for k ≥ 1, iteratively compute
In other words, instead of solving the original optimisation problem over two variables, the alternating optimisation algorithm solves a sequence of optimisation problems over only one variable. The convergence of the algorithm can be proved. As (9) is concave maximisation problem, there exists a globally optimal point, which is denoted as f*, then we have the following theorem.
for k ≥ 1. Since the sequence f k is non-decreasing, it must converge, that is, f k → f *, because f is bounded from above. It follows that the algorithm converges, and we can take the value at the last iteration as the solution to the original problem. 
Simulations and discussions
Experiments are performed to evaluate the performance of our proposed method. Consider a CR system where the CR nodes and PUs are uniformly distributed within a 1 km circle area. The frequency-selective fading channel model is assumed with the path loss exponent set to 4. The variance of logarithmic normal shadow fading is 10 dB and the amplitude of multipath fading is Rayleigh. In the following simulations, the noise power is set to 10 −13 W. First, we investigate the convergence performance of the alternating optimisation method. For all considered scenarios, the algorithm will reach the convergence with less than 15 iterations over 1000 simulations as shown in Table 1 . We also depict the normalised capacity against the iteration number of the alternating algorithm in Fig. 4 , where the normalised capacity represents the percentage between the achieved capacity in each iteration and the optimal solution (also referred to the maximum capacity). From Fig. 4 , we can see that the method converges very fast and achieves over 98% of the maximum capacity by only three iterations. It means that the alternating optimisation method can reach the convergence quickly.
Next, the performance of our proposed power allocation scheme is illustrated in Figs. 5-8. For comparison, the performance of other two schemes is analysed:
1. Optimal power allocation without relay (OPA w/o relay):
The help of relay is not considered and optimal power allocation on the direct link between source and destination is worked out by CVX [30] . 2. Standard barrier method: The optimisation problem is solved by standard barrier method and optimal solution is obtained. 
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Note that all the schemes mentioned above consider the interference constraints. Fig. 5 shows the system throughput against the overall transmission power at the CR source. In our simulation, the transmission power limit for the CR relay is P R = 1 W, and the number of PUs is two. From  Fig. 5 , we can see that our proposed scheme performs much better than OPA w/o relay. The reason is that cooperative relay can exploit spatial diversity of subcarriers. Obviously, the result of our proposed scheme is very close to the optimal solution. Fig. 6 shows the system throughput against the overall transmission power at the CR source in cases of different number of PUs. In our simulation, the transmission power limit for the relay is P R = 1 W. The interference threshold for the primary system is 5 × 10 −12 W. From the figure, we can see that for low CR source power level, the CR system is power-limited and the throughput increases with P S . When P S . 1 W, the system becomes interference-limited and the system throughput increases very little with P S . Furthermore, the system throughput decreases as the number of PUs increases, because the interference constraints are more strict. Fig. 7 shows the throughput against the transmission power limit of the CR relay. The maximum power of the CR source is fixed at 1 W and the interference threshold is set to be 5 × 10 −12 W. From Fig. 5 , we can see that the throughput increases as the transmission power of the relay increases, because the increasing of the transmission power at the relay node can improve the received SNR at the destination node. Obviously, as the number of subcarriers increases, the system throughput become higher for the subcarrier diversity. Fig. 8 shows the throughput as a function of the interference threshold of the PUs. The transmission power of the CR source and relay is 1 W. It can be seen that the throughput increases as the interference threshold of PUs increases, because larger interference thresholds lead to larger transformation power of the CR system. Obviously, our proposed method is better than OPA w/o relay and the solution is quite close to the optimal one. Fig. 9 shows the program execution time as a function of number of subcarriers. The elapsed time is counted by the inbuilt function tic-toc in MATLAB. Obviously, the time complexity of our scheme is much lower than the standard convex optimisation method when the number of subcarriers is relatively large as discussed in Section 3.
Finally, we investigate the convergence of the fast barrier method. Recall that the computational load of the fast power allocation mainly caused by Newton iterations. Fig. 10 shows the total number of Newton iterations required for a guaranteed duality gap of less than 10 −3 for 100 channel realisations. Fig. 11 shows the cumulative distribution function (CDF) curve as the number of Newton iterations for convergence. For all cases, the number of Newton iterations is less than 30 in about 90% of the instances and varies in a narrow range, which means the fast barrier method is effective and efficient.
Conclusions
In this paper, we proposed an optimisation framework for cooperative CR network with cooperative relays, where the interference constraints and power limitations are fully considered. The formulated optimisation task falls into a convex problem with coupling variables. We developed a fast barrier method and an alternating optimisation algorithm to work out the optimal solution quickly. Simulation results demonstrate that our proposed scheme achieves better performance in different radio environments. Our system model is general and can be extended to other CR networks with relays intuitively. Furthermore, the alternating optimisation framework also throws some light on tackling the power allocation problem in CR network with cooperative relays. 
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